Let F be a family of meromorphic functions defined in a domain D, let ψ ( ≡ 0) be a holomorphic function in D, and k be a positive integer. Suppose that, for every function
Theorem 1. Let F be a family of meromorphic functions defined in a domain
In fact, we prove the following more general result. Remark 2. Yang [12] and Schwick [10] proved that Theorem A still holds if 1 is replaced by a holomorphic function ψ ( ≡ 0) in Theorem A. However, their method does not work here.
Some lemmas
The well-known Zalcman's lemma is a very important tool in the study of normal families. It has also undergone various extensions and improvements. The following is one up-to-date local version, which is due to Pang and Zalcman [8] (cf. [1, 2, [14] [15] [16] 
is not normal at z 0 ∈ D, then, for each α, 0 α k, there exist a sequence of points z n ∈ D, z n → z 0 , a sequence of positive numbers ρ n → 0, and a sequence of functions f n ∈ F such that
locally uniformly with respect to the spherical metric, where g is a nonconstant meromorphic function on C, all of whose zeros have multiplicity at least k, such that g
Moreover, g has order at most 2.
Here, as usual, g Proof. Since f = 0 and f (k) = 0, then f is a non-polynomial rational function and has the form 
where
and thus
We have
Clearly, there exists a point z 0 such that
Next we consider the case l 1. We have
Since B = 0, we see that z 0 = 0. Solving for z 0 from (2) and (3), we get
We know that f (k) (z) − z l = 0 has only one zero z 0 as the above and z 1 = 0. It follows from (1) that
Again by (1), we have
If l 2, the coefficient of z in the left of (4) is (−1)
, but the one in the right of (4) is zero, a contradiction.
If l = 1, equating coefficients of z in (4), we obtain
We shall use the standard notation of value distribution theory (see [7, 9, 11] 
as r → ∞, possibly outside a set with finite measure.
Lemma 3. Let F be a family of meromorphic functions defined in a domain D and k be a positive integer, and let b(
Proof. Without loss of generality, we may assume D = Δ = {z: |z| < 1}. Suppose that F is not normal at z 0 ∈ D. By Lemma 1, there exist a sequence of functions f n ∈ F , a sequence of complex numbers z n → z 0 and a sequence of positive numbers ρ n → 0, such that
converges spherically uniformly on compact subsets of C, where g(ζ ) is a nonconstant meromorphic function on C. Hurwitz's theorem implies that g(ζ ) = 0.
Noting that a i (z n + ρ n ζ )g (i) n (ζ ) is locally bounded on C minus the set of poles of
, on every compact subset of C which contains no pole of g(ζ ), we have
and
Since f (5) and (7), Hurwitz's theorem yields that either g (k) (ζ ) ≡ 0 or g (k) (ζ ) = 0 for any ζ ∈ C that is not a pole of g(ζ ). Clearly, these also hold for all ζ ∈ C. If g (k) (ζ ) ≡ 0, we deduce that g is a nonzero constant since g = 0. Thus g (k) (ζ ) = 0.
From (6) and (8), by Hurwitz's theorem, we see that all zeros of
If g is a transcendental function, by Nevanlinna's first and second fundamental theorems, we have
is not transcendental, and then g is a rational function. Since g = 0 and g (k) = 0, by Lemma 2 (for the case l = 0), g (k) − b(z 0 ) has at least one simple zero. This contradicts the fact that all zeros of
The next lemma is the second fundamental theorem for small functions, which is due to Yamanoi [ 
Proof of Theorem 2
Since normality is a local property, without loss of generality, we may assume D = Δ = {z: |z| < 1}, and
where l is a positive integer, ϕ(0) = 1, ϕ(z) = 0 on Δ = {z: 0 < |z| < 1}. By Lemma 3, we only need to prove that F is
We first prove that G is normal in Δ. Suppose, on the contrary, that G is not normal at z 0 ∈ Δ. By Lemma 1, there exist a sequence of functions g n ∈ G, a sequence of complex numbers z n → z 0 and a sequence of positive numbers ρ n → 0, such
converges spherically uniformly on compact subsets of C, where G(ζ ) is a nonconstant meromorphic function on C, and G(ζ ) = 0.
We distinguish two cases:
By simple calculation, for 0 i k, we have
. . , j − 1, and A jj = 1.
Thus, from (9), we have
.
On the other hand, we have
. Therefore, on every compact subset of C which contains no poles of G(ζ ), we have
since a 0 , . . . , a k−1 are analytic in D.
Noting that f
n (z n + ρ n ζ ) = 0, we see that f
n × (z n + ρ n ζ ) − ψ(z n + ρ n ζ ) and ψ(z n + ρ n ζ ) have no common zeros. Next we can arrive at a contradiction by using the same argument as in the latter part of proof of Lemma 2.
Case 2. z n /ρ n → α, a finite complex number. Then
spherically uniformly on compact subsets of C. Clearly, G(ζ ) = 0, and ζ = 0 is a pole of G with order at least l.
Then H n (ζ ) =
